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Abstract 
The Kinetic Monte Carlo simulation method is used to study the temperature induced order-disorder phase transition in a two 
dimensional binary alloy (AB). Using the equivalence between the two dimensional Ising spin model and a binary alloy, the 
second order characteristic of this transition is verified, both with the short and the long range order parameters. The transition 
is clearly shown for an alloy with 50% of each kind of atoms. It was established that the initial configuration affects the 
evolution of these parameters at low temperature. The specific case of an alloy with 40% of non interacting B-atoms was 
investigated. It is shown that for a fixed interaction energy between A- and B-atoms, the order-disorder phase transition is 
always pointed out and that the critical temperature increases linearly with the pair interaction energy between A-atoms. 
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Résumé 
L’algorithme de Monte Carlo dans sa variante dite cinétique a été utilisé pour simuler la transition ordre/désordre dans un 
alliage binaire (AB)  à structure bidimensionnelle. Au moyen de l’équivalence établie entre le modèle de spins d’Ising à deux 
dimensions et un tel alliage, l’ordre deux de cette transition gouvernée par la température a été vérifié. Cette transition se 
manifeste de façon nette pour le cas d’un alliage équiatomique.  L’impact de la configuration initiale qui peut être ordonnée ou 
désordonnée a été étudié. Pour le cas spécifique d’un alliage comportant 40% d’atomes B non interagissant, et à énergie 
d’interaction entre atome A et B fixe, il a été établi que la transition de phase se produit à une température critique, fonction 
linéaire croissante de l’énergie d’interaction entre atomes A. 
 
Mots clés : Modèle d’Ising, Alliage binaire, Transition de phase, Simulation Monte Carlo  
 
Introduction 
Investigating the order-disorder phase transition 
in binary alloys requires the knowledge of its 
topology. It is well known that many binary 
alloys exist in the form of solid solutions in 
which atoms are not randomly located. Atoms 
tend locally to form a cluster or an ordered 
system depending on the interaction energy 
between nearest neighbours. It is therefore said 
that there is a local order or a short-range order 
(SRO). This order, limited at some interatomic 
distances decreases when the temperature 
increases and leads to a phase transition [1,2]. 
This order can extend to become a long-range 
order (LRO). The knowledge of these 
parameters (SRO and LRO) provides an 

immediate insight into the nature of the local 
arrangements of atoms in the alloy. 
This paper which deals with a numerical 
investigation of this order-disorder transition is 
based on the equivalence between the two 
dimensional (2D) Ising model and a binary 
alloy.  
In this work, the evolution of the system is 
assisted by the diffusion of a vacancy. Since the 
list of transition states is known from the 2D 
Ising model and that we are considering the 
local environment of each spin, the kinetic 
Monte Carlo (KMC) is suitable instead of the 
conventional Monte Carlo. The main advantage 
of this method is that discarded attempts are 
avoided [3]. The order parameters for this study 
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are the SRO and the LRO parameters. The 
evolution of the system is governed by a 
diffusing vacancy that assists the system in 
reaching the steady state at a given temperature. 
The introduction of a vacancy V into the alloy, 
yielding in fact a ternary ABV system. In this 
situation, the kinetics is described more 
realistically by atoms jumping into 
neighbouring vacancies. Nevertheless, the 
Hamiltonian used was not the one of the so-
called ABV model [4, 5] but the simple one of 
the Ising spin model [6]. This is justified by the 
fact that it has been shown that the presence of a 
single vacancy does not significantly change the 
phase diagram [7]. 
  
Equivalence between the two dimensional 
Ising model and a binary alloy 
Originally, the Ising spin model deals only with 
interactions between nearest neighbours (short-
range). In general case, one considers a lattice in 
which the sites are numbered in a certain 
manner. Each site is characterized by a scalar 

variable, the “spin” σi which can take only two 

values ±1, corresponding to the two possible 
orientations of the spin: +1 for “spin up”, and –1 
for “spin down”. These variables are coupled by 
the pair interaction energy and could also be 
coupled to an external field. Thus, the 
Hamiltonian of the system is given by the 
following equation [6] : 
 

H= - ij i j i
i, j i i

1
J h

2 ≠

σ σ − σ∑ ∑  (1) 

 
Jij is the exchange integral, and h the external 
field. 
Any system with two possible states can be 
described within the framework of the Ising 
model. Thus, a binary alloy is treated as a model 
lattice in which each site is occupied either by an 
A- or B-atom. The pair interaction energies 
between nearest neighbours are Vij(AA) for two 
neighbouring atoms A, Vij(BB) for two atoms B 
and Vij(AB) for A and B atoms. Therefore, one 
can define the probability Pi [2]: 
 

i

1 if the site i is occupied by an A atom
P

0 if the site i is occupied by a B atom

−=  −

 

The Hamiltonian of the system is then written 
as: 
 

H = -  
ij i j i

i, j i i

1
V PP P

2 ≠

−µ∑ ∑   (2) 

 
Where  

ijV =
ij ij ijV (AA) V (BB) 2V (AB) − − + 

 (3) 

 
is the energy needed to create a pair of atoms 

located at sites i and j, and µ the chemical 
potential of the lattice. 

Using the definition of the variable σi and the 
probabilities Pi, the following equation yields:  

σi = 2Pi – 1     (4) 
By substituting equation (4) into equation (1) 
and comparing with equation (2), one obtains 
equations (5) that establish the equivalence 
between the 2D Ising model and the binary alloy 
[1]: 
    

( )

( ) ( ) ( )

i

ij
ij ij ij ij

V i
h

2 4
V 1

J V AA V AA 2V AB
4 4


µ = +




 = = − − +  

∑  (5) 

 
The phase transition in the Ising model 
The Ising model was introduced as a simple 
model for the study of the paramagnetic/ 
ferromagnetic phase transition in magnetic 
materials. Ising [6] studied the case of a linear 
chain of magnetic atoms and showed that there 
is no phase transition in one dimension. Onsager 
[8] published the first analytical determination 
of the free energy of a 2D Ising system without 
external field. Yang [9] calculated the 
magnetization of the system as a function of the 
temperature. It is therefore shown that for a 
square lattice, the 2D Ising model leads to a 
phase transition at a critical temperature TC 
given by: 

 TC = ( )B

2J

k ln 1 2+
    (6) 

kB is the Boltzmann constant and J the exchange 
integral that according to equations (5) can be 
written as J = (2VAB – VAA – VBB)/4, where the 
significations of VAA, VBB and VAB are quite 
evident. This links the binary alloys to the 2D 
Ising model. 
The magnetization M exhibits a critical 
behaviour near the critical temperature TC [2,8]. 
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M is proportional to 

1

8
c

c

T T
T
−

 for T < TC, and M 

= 0 for T > TC.  
Therefore, the critical exponent for the 
magnetization (the order parameter in this 
magnetic phase transition) is given by β = 1/8 
=0.125.  
According to the Landau’s theory of phase 
transition [10], this transition is of second order.  
 
Numerical details 
For our numerical calculations, a KMC 
algorithm inspired from [11] and [12] was used. 
In this algorithm, for given pair interaction 
energies between atoms, the frequencies of jump 
of a diffusing vacancy, from one site to another 
were calculated using the following equation 
 

( )
B

H
w i j exp

k T
∆→ = − ,  (7) 

 

where ∆H is the energy needed to move an atom 

from a site i to a site j. ∆H is also the interaction 
energy between two atoms at sites i and j. 
 
The simple flowchart of the implemented 
algorithm is as follow [12]: 
1- Read input variables, 
2- Set up either random or ordered initial 
configuration, 
3- Randomly place a diffusing vacancy, 
4- Calculate initial SRO and LRO parameters, 
5- Determine jump rates to move vacancy to a 
nearest neighbour, 
6- Choose jump stochastically from “n-fold-
way” type method, 
7- Update neighbour lists of SRO and LRO 
values, 
8- Perform this over the number of steps or 
blocks of data. 
 
The calculated quantities are the SRO and the 
LRO parameters. The mathematical 
formulations of these parameters are somewhat 
arbitrary. The SRO may be defined in such a 
way that it decreases when we move away from 
the central atom and inversely for LRO.  For our 
calculations, the usual Warren-Cowley SRO 
parameter was defined as [13-15] : 

AB

A

P
SRO 1

P
= − ,    (8) 

 

where PAB is the conditional probability of an A-
atom to be the nearest neighbour of a reference 
B-atom at a central site i and PA the probability 
of an A-atom to be located at a site j (probability 
of the occurrence of an A-atom). PA is also the 
fraction of A-atoms. It comes out that  for a 
random alloy PAB = PA so that SRO = 0, for a 
clustering-type alloy PAB = 0 and then SRO = 1, 
and for an ordering-type alloy (what implies 
complete ordering of unlike atoms as nearest 
neighbours), PAB = 1, so that SRO = -1 at 
equiatomic composition (PA = 0.5). 
 
The LRO is defined within the Bragg-Williams 
approximation [16] where it is assumed that 
interactions between atoms exist only for the 
nearest neighbours. For the order-disorder 
transition in binary alloys, the LRO parameter 
can then be written as [17,18]: 
 

i j
A ALRO P P= −     (9)  

 

in which 
i
AP  is the probability of finding an A-

atom at site i of the sub-lattice α that in a state of 

perfect order, contains only A-atoms, and 
j

AP
the probability of finding an A-atom at site j of 
the sub-lattice β that contains only B-atoms in a 
state of perfect order. For an equiatomic alloy 
with an ordered initial configuration, at low 
temperatures this order is kept since atoms do 

not move easily. Thus, 
i
AP  = 1 and 

j
AP  = 0, 

which means LRO = 1. At high temperatures 

and/or for a random initial configuration, 
i
AP  =  

j
AP  = 1/2, which means LRO = 0. LRO runs 

from 0.0 to 1.0. 
 
The binary alloy is treated within the canonical 
ensemble, i.e., with a fixed number of A- and B-
atoms. Without an external magnetic field, the 
Hamiltonian is simply written as: 
 

ij i j
i, j i

1
H V PP

2 ≠

= − ∑    (10) 

 
If Vij < 0, the order (A-B) is favoured in the alloy 
and if Vij > 0, the segregation is favoured.  
 
Results and discussion 
According to pair interaction energies, our 
simulations have been done for two sets of 
parameters: VAA = VBB = 0 eV and VAB = -0.05 eV 
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for the first and VBB = 0 eV, VAB = -0.05 eV and 
VAA varying from 0.0 to 0.1 for the second. The 
temperature range was 160 to 1600K. The 
number of vacancy jumps is 6.108, and the 
average number of SRO and LRO calculated at a 
given temperature is 60. Table 1 gives a 
summary of the simulation parameters.  
 

 
 
 
 
 
 
 
 
Figure 1 shows the variation of LRO and SRO 
parameters as temperature increases, for a 30×30 
lattice at stoichiometric equilibrium, and for 
ordered (Ord.) and random (Rdm.) initial 
configurations.  
Except some fluctuations observed before 300K 
for the random initial configuration, the LRO 
parameter is high at low temperature and 
almost constant until 500K, then  drops in the 
range 600 to 700K and takes very low values at 
high temperature. The SRO parameter exhibits 
the same behaviour in absolute value. However, 
this parameter does not tend to zero at high 
temperature as the LRO does. 
The variations of LRO and SRO parameters are 
in agreement with the behaviour of atoms in 
materials. At low temperature, the order in an 
ordered system or in a system which tends to be 
ordered persists on many interatomic distances. 
This corresponds to a long-range order. This 
long-range order decreases with the increase in 
temperature. In fact, the increase in temperature 
favours the random displacements of atoms in 
the system. At low temperature, the persistence 
of the long-range order absolutely implies a 
short-range order. However, the SRO vanishes 
slowly as compared with LRO. Even at high 
temperature, the SRO can persist at least at one 
or two interatomic distances.  
From these variations of the LRO and SRO 
parameters, the assertion that the order-disorder 
phase transition in an equiatomic binary alloy is 
a second order phase transition is confirmed. 
This transition occurs at a critical temperature 
between 650 and 660K. This is in agreement with 
the analytical calculation. The ordered phase 
corresponds to temperature below 650K and the 
disordered phase appears above 660K. 
The influence of the composition of the alloy 
was also investigated. For a 30x30 lattice, figure 

2 shows the graphs obtained for different 
fractions of B-atoms.  
From these graphs, it can be observed that the 
transition is well pointed out at 50% even 
though at 20%, this transition is not clear. The 
critical temperature decreases with the fraction 
of B-atoms. At low concentration (less than 15%  
 
 
 
 
 
 
 
 
 
and not presented here), there is practically no 
phase transition. This can be explained by the 
fact that for a fraction different from 50%, it is 
not really possible to have an ordered 
configuration. There will always exist clusters of 
atoms with high concentration in the lattice, 
whatever the temperature. Therefore, the 
composition dependence of the LRO and SRO 
parameters agrees well with the theory which 
states that for a non equiatomic composition, the 
transition is not of second order [10]. 
About the influence of the size, figure 3 shows 
the variations of SRO and LRO parameters for 
different lattice sizes (20x20, 30x30, 50x50) of an 
alloy at stoichiometric equilibrium. 
One can observe that for SRO parameters, the 
graphs overlap. Therefore, the size of the lattice 
doesn’t have any influence on the SRO, 
independently on the temperature and the initial 
configuration. At low temperatures, the 
variation of the LRO does not depend on the 
size of the lattice.  At high temperature, there is 
a slight difference due to size effects, but the 
trend is the same.  One should notice that the 
deviations on figures 1 and 3 are due to the 
random initial configuration. At low 
temperature, there is a need to increase the 
number of Monte Carlo steps in order to 
equilibrate the system. This is not necessary 
since this domain of temperature is not of great 
interest. 
As far as the pair interaction energies are 
concerned, figure 4 shows the variations of LRO 

and SRO parameters plotted for a 16×16 lattice 
with 40% of B atoms. For each case, VBB = 0, VAB 
= -0.05 eV, and VAA varies from 0 to 0.1 eV. 
From these graphs it comes out that the critical 
temperature increases with the interatomic 
potential. This means that the disordered phase 
appears at higher temperatures comparatively to 

Table 1: Simulation parameters for VBB = 0 eV, VAB = -0.05 eV and VAA varying from 0 to 0.1 eV. Rdm stands for random 
and Ord for ordered. 
 

Lattice size 16×16 20×20 30×30 40×40 50×50 

Initial Configuration Rdm Rdm Ord Rdm Ord Rdm Ord Rdm Ord 

% of B-atoms 40 50 50 20 ; 50 20 ; 50 50 50 50 50 

VAA (eV) 0.0 - 1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
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the case VAA = 0 eV. Figure 5 displays the 
simulated critical temperatures (for SRO and 

LRO) and the theoretical critical temperature, for 
each value of VAA, Theoretical values are 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1: Temperature dependence of LRO and SRO parameters, for a lattice of 30×30 sites with 50% of B-atoms.  
VAA = VBB = 0 eV, and VAB = -0.05 eV.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2: Variation of LRO and SRO parameters for different concentrations of B-atoms. 
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Fig. 3: Temperature dependence  of  LRO and SRO parameters for different sizes of the lattice, at equiatomic composition.  
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4: Variation of the LRO and SRO parameters for different values of the pair interaction energy (AA is subscript as in the 

grah) extending from 0.0 to 0.10 eV. the composition of the alloy is 40% of B atoms. 
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Fig. 5: Variation of the critical temperature as a function of the pair interaction energy between A atoms (AA is subscript as in 
the figure)  for SRO and LRO parameters. The dashed  lines show linear fits.   

 
obtained from equation (6). The relative error is 
calculated using the formula:  
 

sim theo
c c

theo
c

T T
100

T
− ×   

where 
theo
cT  and 

sim
cT are the theoretical and 

the simulated values respectively. The average 
of the relative error related to the SRO is about 
2.8% against 17.8%  for the LRO. The value 2.8% 
is acceptable because the theoretical value refers 
to an infinite lattice size, and the value 17.8% 
obtained with the LRO seems to be too large. 
This divergence can be explained by the fact that 
in an out of stoichiometric equilibrium alloy, 
clusters of atoms with high composition will 
always be found, even at low temperature 
(ordered phase) [19].  So the SRO is more 
expressive in such a system than the LRO. 
 
From these graphs, one can assume that the 
critical temperature is a linear function of the 
pair interaction energy VAA. We can then write 
TC = a VAA + b, where a and b are constants. 
Those constants have been calculated by a linear 
regression technique giving the values: 

- for SRO parameter:  a = 5717 (±2.9%) and b = 

688 (±1.5%)  

- for LRO parameter: a = 5103 (±3.7%) and b = 

551 (±2.2%)  
As predicted by the theory (equation 6), the 
critical temperature is a linear function of the 
pair interaction energy. 
 
Conclusion 
By the mean of the equivalence between the two 
dimensional Ising spin model and a binary 

alloy, the kinetic Monte Carlo sampling method 
has been successfully used to study the 
temperature induced order-disorder phase 
transition in a binary alloy. Qualitative and/or 
quantitative agreements with the theory were 
obtained as far as the nature of the phase 
transition, the critical temperature and the 
influence of the pair interaction energies are 
concerned. 
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